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ABSTRACT Ion relaxation plays an important role in a wide range of phenomena involving the transport of charged
biomolecules. Ion relaxation is responsible for reducing sedimentation and diffusion constants, reducing electrophoretic
mobilities, increasing intrinsic viscosities, and, for biomolecules that lack a permanent electric dipole moment, provides a
mechanism for orienting them in an external electric field. Recently, a numerical boundary element method was developed
to solve the coupled Navier-Stokes, Poisson, and ion transport equations for a polyion modeled as a rigid body of arbitrary
size, shape, and charge distribution. This method has subsequently been used to compute the electrophoretic mobilities and
intrinsic viscosities of a number of model proteins and DNA fragments. The primary purpose of the present work is to examine
the effect of ion relaxation on the ion density and fluid velocity fields around short DNA fragments (20 and 40 bp). Contour
density as well as vector field diagrams of the various scalar and vector fields are presented and discussed at monovalent
salt concentrations of 0.03 and 0.11 M. In addition, the net charge current fluxes in the vicinity of the DNA fragments at low
and high salt concentrations are briefly examined and discussed.
INTRODUCTION
The ion atmosphere surrounding a charged particle, or poly-
ion, in solution can be perturbed from its equilibrium value
in a number of ways. In a sedimentation velocity experi-
ment, where the driving force is a centrifugal force, the ion
atmosphere tends to lag behind the translating charged
particle (Booth, 1954). This ion relaxation, in turn, retards
the motion of the polyion resulting in a larger translational
friction coefficient, or smaller sedimentation constant, rel-
ative to an equivalent uncharged particle. Similarly, a dilute
suspension of charged particles placed in a shear field
exhibits a larger viscosity than the corresponding suspen-
sion of uncharged particles (Booth, 1950b; Sherwood, 1980;
Sherwood, 1981; Allison, 1998). In this article, steady state
shall refer to a polyion that translates with constant velocity
in a viscous fluid due to the presence of a constant external
driving force. In steady-state free solution electrophoresis,
the driving force is a constant external electric field. In this
case, the ion atmosphere is distorted both by the electric
field and by the transport of the charged particle through the
fluid (Booth, 1950a; Wiersema et al., 1966; O’Brien and
White, 1978; Stigter, 1978a,b). Ion relaxation reduces the
electrophoretic mobility, and this relaxation effect becomes
more significant as the charge on the polyion increases.
Over the last few years, boundary element (BE) methods
that account for ion relaxation have been developed, and
this has made it possible to estimate the free solution elec-
trophoretic mobility of rigid model polyions of arbitrary
size and charge distribution (Allison, 1996). This approach
has been applied to lysozyme (Allison and et al., 1997) and
short DNA fragments (Allison and Mazur, 1998). When ion
relaxation is included, calculated mobilities of 20-bp DNA
fragments in 0.11 M KCl agree with experimental mobili-
ties (Laue et al., 1996) to within a few percent. For a 27-bp
fragment in 0.04 M Tris acetate, calculated and experimen-
tal (Stellwagen et al., 1997) mobilities agree to within
10–15%. Furthermore, ion relaxation reduces the mobility
at 0.11 M KCl by 25% relative to the predicted mobility in
its absence (Allison and Mazur, 1998). A final electroopti-
cal phenomenon worthy of mention involves orienting mac-
roions in solution by external electric fields and monitoring
this by optical birefringence or dichroism. Partial orienta-
tion occurs as a result of the interaction of the external field
with the electric dipole moment of the macroion. Whether
the dipole is permanent or induced can be distinguished by
field reversal techniques (Tinoco and Yamaoka, 1959) or by
the field strength dependence of birefringence/dichroism
(Stellwagen, 1981). DNA fragments have been extensively
studied by these methods (Elias and Eden, 1981; Stellwa-
gen, 1981; Hagerman, 1981; Diekmann et al., 1982; Por-
schke, 1994), and the dipole is primarily, though not exclu-
sively, induced (Elias and Eden, 1981; Stellwagen, 1981).
In this example, the induced dipole moment develops as a
consequence of ion relaxation (Fixman and Jagannathan,
1981). The above cases serve to illustrate that ion relaxation
plays an important role in biophysics and the transport of
macroions in general.
As discussed above, it is now possible to account for ion
relaxation in modeling the transport of rigid macroions of
arbitrary shape and charge distribution, and this approach
has been used to calculate electrophoretic mobilities and
intrinsic viscosities for DNA fragments and lysozyme. The
purpose of the present work is to provide visual demonstra-
tion of the relaxation effect by looking at various scalar and
vector fields around short DNA fragments. The present
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FIGURE 1 n for sedimentation of 20-bp DNA in 0.03 M KCl. The
fragment is translating along the cylinder axis in the direction of the arrow.
White shading corresponds to the greatest positive deviation in counterion
concentration from equilibrium and black to the greatest negative devia-
tion. Neutral gray (which also shades the fragment interior) corresponds to
n  0. The range in n/c0 is 9  10
6. Ten different gray
shadings appear in the figure that reflect this range. The bar at lower right
denotes 1  1.74 nm.
FIGURE 2  for sedimentation of 20-bp DNA in 0.03 M KCl. The
fragment is translating along the cylinder axis in the direction of the arrow.
White shading corresponds to the greatest positive deviation in charge
density from equilibrium and black to the greatest negative deviation.
Neutral gray (which also shades the fragment interior) corresponds to 
0. The range in /qc0 is 9  10
6. The bar at lower right denotes
1  1.74 nm.
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FIGURE 3  for electrophoresis of 20-bp DNA in 0.03 M KCl. As in
Fig. 2, the polyion translates in the direction of the arrow, but the driving
force is a constant electric field (opposite to the flow direction). The DNA
is in steady-state motion. White shading corresponds to the greatest posi-
tive deviation in charge density (from equilibrium) and black to the greatest
negative deviation. Neutral gray (which also shades the fragment interior)
corresponds to   0. The range in /qc0 is 3  10
4. The bar at
lower right denotes 1  1.74 nm.
FIGURE 4  for electrophoresis of 20-bp DNA in 0.11 M KCl. The
polyion translates in the direction of the arrow, but the driving force is a
constant electric field (opposite to the flow direction). The DNA is in
steady-state motion. White shading corresponds to the greatest positive
deviation in charge density and black to the greatest negative deviation.
Neutral gray (which also shades the fragment interior) corresponds to 
0. The range in /qc0 is 6  10
5. The bar at lower right denotes
1  0.91 nm.
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study is similar to that of Stigter’s 1980 paper on spherical
colloid particles (Stigter, 1980). We shall focus on free
solution electrophoresis, but by doing so, it is also possible
to examine the sedimentation problem as well. Provided the
external electric field is sufficiently weak that the electro-
phoretic mobility is independent of field strength, one can
view electrophoresis as a superposition of two transport
cases (O’Brien and White, 1978). In case 1, the polyion
translates at constant velocity through a stationary fluid in
the absence of an electric field. This, however, corresponds
to sedimentation velocity. In case 2, the polyion is held
stationary but is subjected to a constant electric field.
Steady-state electrophoresis corresponds to that superposi-
tion of the two cases that results in a net force of zero acting
on the polyion.
METHODS
The “primitive” model (McQuarrie, 1976) is employed in which the
solvent is characterized as a continuum with a dielectric constant of 78 and
a viscosity of 0.010 poise corresponding to water at 20°C. The polyion is
modeled as a rigid body the surface of which is subdivided into a large
number of connected triangular plates. In the present study, models of
DNA fragments 20 and 40 bp in length are considered. They are modeled
as capped cylinders of length (in nm) 0.34 Nbp (Nbp  number of base
pairs) and diameter equal to 2 nm. As discussed previously (Allison and
Mazur, 1998), these models accurately reproduce the translational and
rotational diffusion constants of the actual fragments. The charge distribu-
tion is modeled as a uniform line charge extending from the origin of one
hemispherical cap to the other. The total fragment charge is 2 Nbp q
where q is the protonic charge. The polyion concentration is assumed to be
low enough so that interactions between different polyions can be ignored.
The primitive model is also employed to represent the counterion and
co-ion distributions about a single macroion. In the absence of an electric
or flow field, the equilibrium electrostatic potential of mean force at
position r, 0(r), is related to the equilibrium local charge density 0(r) by














where q is the protonic charge, z is the valence of ion , n0(r) is the local
concentration of ion , 	  (kBT)
1 (kB is Boltzmann’s constant and T is
the absolute temperature), and c0 is the concentration of ion  far from the
polyion. The physical significance of 0(r) is that if we placed a test charge
qt at position r, then the average electrostatic potential energy of our test
charge would be qt0(r) (McQuarrie, 1976). A variety of numerical meth-
ods are now available to solve the equilibrium Poisson equation for
complex macromolecules (Zhou, 1994; Holst and Saied, 1995).
When a polyion is subjected to a perturbing electric and/or flow field,
the mobile ion distribution is distorted from its equilibrium value, and this
distortion is called ion relaxation. It shall be assumed that the perturbation
FIGURE 5  for electrophoresis
of 20-bp DNA in 0.11 M KCl. Simi-
lar to Fig. 4, but the cylinder model of
DNA translates (in the direction of
the arrow) in a direction perpendicu-
lar to the long axis of the polyion. In
this contour density plot, one is look-
ing down the long axis of the DNA at
a plane that bisects the center of the
cylinder. The polyion is in steady-
state motion. White shading corre-
sponds to the greatest positive devia-
tion in charge density and black to the
greatest negative deviation. Neutral
gray (which also shades the fragment
interior) corresponds to   0. The
bar at lower right denotes 1 
0.91 nm.
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FIGURE 6  for electrophoresis of 40-bp DNA in 0.03 M KCl. The
polyion translates in the direction of the arrow along the long axis of the
cylinder, but the driving force is a constant electric field (opposite to the
flow direction). The DNA is in steady-state motion. White shading corre-
sponds to the greatest positive deviation in charge density and black to the
greatest negative deviation. Neutral gray (which also shades the fragment
interior) corresponds to   0. The bar at lower right denotes 1  1.74
nm.
FIGURE 7  for electrophoresis of 40-bp DNA in 0.11 M KCl. The
polyion translates in the direction of the arrow, but the driving force is a
constant electric field (opposite to the flow direction). The DNA is in
steady-state motion. White shading corresponds to the greatest positive
deviation in charge density and black to the greatest negative deviation.
Neutral gray (which also shades the fragment interior) corresponds to 
0. The bar at lower right denotes 1  0.91 nm.
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is sufficiently weak so that only terms linear in the perturbing field(s) need
to be accounted for. Including ion relaxation at the level of the primitive
model requires solution of the linearized Navier-Stokes (for solvent flow),
Poisson (for charge/ion distributions), and ion transport equations. It
should be emphasized that these equations are coupled and must be solved
simultaneously. This can be achieved in general by an iterative boundary
element procedure, which is described in detail elsewhere (Allison, 1996).
In the present work, we shall concentrate on only a few key features of the
method in an attempt to keep the mathematics to a minimum. Let j(r)
denote the average local current density (in ions per second per unit area)
in some convenient frame of reference. It can be written as the sum of









where n(r) is the nonequilibrium ion concentration, v(r) is the local fluid
velocity, D is the diffusion constant of an -ion, and f(r) is the local
force on an -ion. Consider the simple example of a polyion in equilibrium






The equilibrium distribution of ion  about the polyion can be viewed as
a dynamic equilibrium where a direct force current (which, for example,
drives counterions toward the polyion surface) is balanced by an opposing
diffusive current. From Eqs. 2 and 4, it is easy to deduce that f0 
qzƒ0. At equilibrium, the force on an -ion is its charge (qz) times
the local electric field (ƒ0) produced by the polyion and its ion
atmosphere. When an external electric or flow field is present, however, the
situation becomes more complicated. In what follows, we shall explore
how a perturbing electric/flow field alters the ion distribution, fluid flow,
and ion currents around the DNA fragments.
As mentioned previously, we shall restrict ourselves to short fragments
in a water plus simple salt solution at 20°C. The simple salt is chosen to be
KCl and the diffusion constants (D in Eq. 3) of K
 and Cl are estimated
from limiting molar conductivities (Allison and Mazur, 1998). The hydro-
dynamic radii of the K and Cl ions are calculated to be 0.1242 nm.
Scalar and vector fields are first created using software of our own
making. The commercial program Mathematica is then used in preparing
the figures. The first seven figures are two-dimensional contour diagrams
constructed through the command “ListDensityPlot”. The remaining fig-
ures represent the merging of three-dimensional solid objects and the
projection of a three-dimensional vector field onto a plane. The vector
fields are constructed through the “ListPlotVectorField3D” command.
RESULTS AND DISCUSSION
Perturbed ion densities
When a DNA fragment or some other polyion is placed in
a centrifugal (sedimentation) or electric (electrophoresis)
field, the ion atmosphere is distorted from its equilibrium
value. At sufficiently low centrifugal or (external) electric
field strengths, the extent of distortion, or ion relaxation,
varies linearly with the strength of the imposed field and
vanishes at zero field strength. Consider first a 20-bp DNA
FIGURE 8 Stokes velocity field
for 20-bp DNA. Fluid velocity field
of an uncharged, or unrelaxed model
translating parallel to the cylinder
axis. Portions of the rigid model have
been cut away to display the flow
pattern more clearly. The structure
translates at constant velocity in a
fluid that is otherwise at rest.
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fragment in 0.03 M KCl at 20°C translating at steady state
in a direction parallel to the cylinder axis at a velocity of
5.00  104 cm/s in response to a centrifugal force. If the
fragment was in a centrifuge cell located 6.5 cm from the
axis of rotation, a spin rate of approximately 2000 rpm
would be necessary to achieve this velocity. Under these
conditions, a plot of the counterion density n(r) versus
position r would be virtually identical to a plot of the
corresponding equilibrium counterion density n0(r).
Shown in Fig. 1 is the difference plot in the counterion
density, n  n  n0. The DNA is translating in the
direction of the arrow and white/black shades correspond to
maximal excesses/deficiencies of counterions, respectively.
A neutral shade of gray corresponds to n  0 and is also
used to represent the DNA interior for reference. It is seen
that the greatest deficiency occurs at the leading edge of the
polyion (toward the bottom of the figure) and the greatest
excess is immediately behind it. At equilibrium, DNA is
surrounded by an atmosphere of predominantly positive
ions. As it moves, however, the front end continually enters
regions of the fluid in which the positive ion concentration
falls below this equilibrium value, and this accounts for the
deficiency in front of the polyion. A complementary argu-
ment can explain the excess of counterions behind. In a
reference frame that moves with the polyion, a steady-state
distribution of mobile ions prevails, which reflects a balance
of ion flow due to convection, diffusion (against a concen-
tration gradient), and direct forces as summarized by Eq. 3.
We shall return to this point later. From Fig. 1, n is seen
to be dipolar in character and falls off gradually with dis-
tance. The relative difference in charge density,    
0, is shown in Fig. 2 where   q(n  n). All quantities
have been scaled to give relative extrema that are about the
same in the two figures. Although similar, it is seen that the
charge density approaches the equilibrium value more
quickly with distance from the polyion surface than the
counterion density. The co-ion atmosphere also contributes
to ion relaxation, particularly at intermediate distances from
the polyion surface. Fig. 3 is similar to Fig. 2 (a contour plot
of ) except that the driving force is now an electric field
directed opposite the polyion flow direction and is chosen
sufficiently strong (1 V/cm) so that the polyion translates at
the same velocity as in Figs. 1 and 2. It is clear on com-
paring Figs. 2 and 3 that the perturbed steady-state charge
densities are very similar regardless of the nature of the
driving force. It should be emphasized that the driving force
in Figs. 2 and 3 are not identical in magnitude, but the
steady-state velocities are.
FIGURE 9 Relaxation field for
sedimentation of 20-bp DNA in 0.03
M KCl. The relaxation field is de-
fined v  v  v0 where v is the
velocity field in the presence of ion
relaxation and v0 is the velocity field
in the absence of ion relaxation. In
both cases, the centrifugal force on
the particles is the same and both v
and v0 are directed toward the bottom
of the figure. The relative magnitude
of the vectors at the polyion surface
are the same as in Fig. 8; however,
the absolute value of the surface vec-
tors in this figure are 6.4% as large as
those in Fig. 8.
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The contour plots shown in the first three figures come
from BE calculations of model polyions made up of 144
triangular plates, and what is being plotted is a two-dimen-
sional cut in a plane that includes the cylinder axis. As the
charge distribution has been approximated by a line charge,
the scalar and vector fields considered in this work should
be axially symmetric to a good approximation provided the
external flow/electric field is collinear with the cylinder
axis. Careful inspection of these density plots show that they
are not entirely symmetrical about the rod axis as they
should be. This is due to noise in the computations. The
similarity between ion relaxation in sedimentation (Fig. 2)
and electrophoresis (Fig. 3) is expected, in part at least,
because both scalar fields represent solutions of the same
coupled equations, but subject to different boundary condi-
tions. Also, Onsager relations have been derived that relate
the two processes of electrophoresis and sedimentation (de
Groot et al., 1952), and these have been partially confirmed
(Stigter, 1980). However, it is not true that u/u0  /0
where u and u0 are the (magnitudes of the) polyion sedi-
mentation velocities in the presence and absence of ion
relaxation subject to the same centrifugal force, whereas 
and 0 are the electrophoretic mobilities in the presence and
absence of ion relaxation but subject to the same external
electric field strength. From calculations on a 144-plate
model (20-bp DNA at 20°C at 0.03 M KCl and the polyion
translating end-on as shown in Figs. 1–3), u/u0  0.937 and
/0  0.720. These results are qualitatively consistent
with the predictions for sedimentation (Booth, 1954) and
electrophoresis (Booth, 1950a) of charged spheres. The
orientationally averaged electrophoretic mobility predicted
by the model is 4.05  104 cm2/V s, and the experi-
mental value under very similar salt conditions is 3.71 
104 cm2/V s (Wooll, 1994). Closer agreement between
model calculations and experiment can be achieved by
doing a series of calculations on models with varying num-
ber of platelets and extrapolating to the limit of infinite plate
number (Allison and Mazur, 1998).
It should be emphasized that the magnitude of the ion
relaxation seen in Figs. 1–3 is directly proportional to the
magnitude of the polyion velocity (u), or external electric
field (e). In Fig. 1 where u  5  104 cm/s, the range in
n/c0 (c0 equals the counterion concentration far from
the polyion) is 9  106. The range seen in Fig. 2 is
approximately the same as this as the perturbation of great-
est magnitude occurs near the polyion surface where the
co-ion concentration is very small. In Fig. 3, the polyion
translates at the same velocity as in Fig. 2 but is also
FIGURE 10 Relaxation field for
sedimentation of 20-bp DNA in 0.11
M KCl. Similar to Fig. 9, but at the
higher salt concentration. The relative
magnitude of the vectors at the poly-
ion surface are the same as in Fig. 8;
however, the absolute value of the
surface vectors in this figure are 2.8%
as large as those in Fig. 8.
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subjected to an e-field of 1 V/cm in a direction opposing the
flow direction of the polyion, and this corresponds to
steady-state electrophoresis. The range in /qc0 in this
case is 3  104, which, in terms of absolute magni-
tude, is substantially larger than the relaxation effect seen in
the case of sedimentation. The fact that Figs. 2 and 3 appear
very similar is due to the much narrower spacings of the
contours in Fig. 2 relative to Fig. 3. Fig. 4 is similar to Fig.
3, but the KCl concentration has been increased from 0.03
to 0.11 M. The close similarity between the perturbed
charge densities seen in these two figures shows that the
relative ion relaxation effect is similar at the two salt con-
centrations for fragments of this length. However, the range
in /qc0 at 0.11 M is 6  10
5, which is 5 times
smaller than the range seen at 0.03 M. Thus, although the
relative relaxation effect does not vary strongly with salt
concentration, the absolute relaxation effect does and de-
creases with increasing salt concentration. A curious feature
of electrophoresis at these two salt concentrations is that the
absolute range in  is approximately the same.
In addition to contour density plots of DNA translating
parallel to the cylinder axis, similar plots for DNA translat-
ing perpendicular to the cylinder axis exhibit dipolar char-
acter similar to what is seen in Figs. 1–4 when the contour
plane bisects the midpoint of the cylinder. Fig. 5 shows an
example of this for the electrophoresis of 20-bp DNA at
0.11 M KCl. Figs. 6 and 7 show  for 40-bp DNA at 0.03
and 0.11 M KCl, respectively. The fragments are undergo-
ing steady-state electrophoresis in an external field of 1
V/cm directed parallel to the axis of the cylinder. Arrows at
the center of the polyion indicate the direction of polyion
flow. The magnitude of the drift velocities are 5.58 (0.03 M)
and 5.09  104 cm/s (0.11 M), respectively. Somewhat
different contour shadings/spacings are used in the 40-bp
plots compared with the 20-bp plots to emphasize the dif-
ferences at the two salt concentrations. Similar to the 20-bp
plots, Figs. 6 and 7 show that ion relaxation is largely
dipolar in character with a nodal plane (  0) that bisects
the center of the cylinder and is perpendicular to the cylin-
der axis. It is interesting to note from Fig. 6 that ion
relaxation is not confined to the very ends of the fragment,
but extends quite far along the chain from the ends. Keep in
mind that the cylinder diameter is 2 nm and the reciprocal of
the Debye-Huckel screening length, 1, equals 1.74 nm
and 0.91 nm at 0.03 M and 0.11 M KCl, respectively.
Qualitatively, it would appear that ion relaxation is signif-
icant at distances up to several 1 from the ends of the
fragment in steady-state electrophoresis.
FIGURE 11 Relaxation field for
electrophoresis of 20-bp DNA in 0.03
M KCl. See the caption of Fig. 9 or
the text for the definition of the relax-
ation field. The electric field is the
same in both the relaxed and unre-
laxed cases and is directed upward, in
the direction of v at the model sur-
face. The relative magnitude of the
vectors at the polyion surface are the
same as in Fig. 8; however, the abso-
lute value of the surface vectors in
this figure are 28% as large as those
in Fig. 8.
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At the same ambient salt concentration, the absolute
range in  for the electrophoresis of DNA translating
parallel to the cylinder axis for the 40-bp fragment is ap-
proximately the same as the 20-bp fragment. This does not
necessarily imply that the induced electric dipole moment
for a rod translating parallel to its axis varies linearly with
length as ion relaxation effects are evidently diffuse in
character and not confined to the very ends of the rod. At the
present time, we are investigating the induced electric di-
pole moment of DNA fragments and the related problem of
their electric polarizability (Fixman and Jagannathan,
1981). The extended nature of the perturbed ion densities
seen in these figures does raise concern about how long
range end effects are in transport properties such as the
electrophoretic mobility of short DNA fragments. For a rod
translating parallel to its axis in an external field, it has been
argued that end effects on the electrophoretic mobility
should become negligible in the limit of a very long rod
(Stigter, 1978b). For DNA modeled as a rod in 0.11 M KCl
and translating parallel to the rod axis, BE calculations have
shown that ion relaxation reduces electrophoretic mobility
by approximately 32%, 25%, and 20% for 20-bp, 40-bp, and
60-bp fragments, respectively (Allison and Mazur, 1998).
Thus, end effects may very well become negligible for very
long rods as proposed by Stigter, but their contribution to
parallel electrophoresis appears to be quite long range.
Velocity fields
In addition to the perturbed ion and charge density plots
considered previously, it is worthwhile to also consider how
ion relaxation influences various vector fields such as the
actual fluid velocity v(r) in the vicinity of a sedimenting or
electrophoresing particle. First of all, consider the velocity
field v0(r) of a sedimenting 20-bp DNA fragment in the
absence of ion relaxation translating with velocity u0 in a
direction parallel to the cylinder axis. The velocity field is
shown in Fig. 8 for a plane of fluid that passes through the
cylinder axis. The reference frame is chosen to be stationary
relative to the laboratory, and the instantaneous velocity is
downward in the figure. The actual value of u0 is unimpor-
tant provided its magnitude is sufficiently small to insure
low Reynolds number flow conditions (Happel and Bren-
ner, 1963). A value of 5  104 cm/s is used here as a
reference value. We shall also assume stick boundary con-
FIGURE 12 Relaxation field for
electrophoresis of 20-bp DNA in 0.11
M KCl. Similar to Fig. 11, but at the
higher salt concentration. The relative
magnitude of the vectors at the poly-
ion surface are the same as in Fig. 8;
however, the absolute value of the
surface vectors in this figure are 18%
as large as those in Fig. 8.
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ditions hold, which means v0(r)  u0 for points r on the
polyion surface. Also, the upper and lower portions of the
capped cylinder models have been cut away in Fig. 8 to
illustrate more clearly the flow pattern near the particle.
These fields are generated numerically by a BE procedure
described elsewhere (Allison, 1996). As can be seen, the
velocity field falls off rather slowly with distance away
from the particle, and the pattern is similar to the velocity
field profile for a sphere (Stigter, 1980). For a sedimenting
DNA with ion relaxation, the flow pattern is similar to that
shown in Fig. 8. If we compare two DNA fragments subject
to exactly the same centrifugal force but one with ion
relaxation accounted for and the other with ion relaxation
ignored, the sedimentation velocity of the fragment with ion
relaxation included would be smaller. In our reference ex-
ample, ion relaxation would reduce the sedimentation ve-
locity from 5.00 104 to 4.68 104 cm/s in 0.03 M KCl
and from 5.00  104 to 4.86  104 in 0.11 M KCl. This
is due to the fact that the sedimenting fragment in the
absence of ion relaxation is entirely equivalent to the sedi-
mentation of an uncharged particle of the same size and
shape. The charged particle with ion relaxation sediments
more slowly as it experiences additional frictional drag
brought about by the tendency of the atmosphere to lag
behind the polyion itself. In what follows, the difference






where the 0 subscript refers to the analogous unrelaxed case.
The difference fields for sedimentation are shown in Figs. 9
(0.03 M) and 10 (0.11 M KCl). At the particle surface, the
difference fields point in a direction opposite to that shown
in Fig. 8, which is due to the fact u is in the same direction
as u0 but smaller in magnitude. For our reference example,
the magnitude of v is 0.32  104 and 0.14  104 cm/s
at 0.03 and 0.11 M KCl, respectively. Thus, the absolute
magnitude of the vectors at the polyion surface are 6.4%
(Fig. 9) and 2.8% (Fig. 10) as large as those of the surface
vectors in Fig. 8. Comparing the relaxation field plots with
the Stokes field plot of Fig. 8, it is clear that the relaxation
fields fall off more quickly with distance and that they also
exhibit a substantial salt dependence. At high salt, the
relaxation field falls off more rapidly with distance than at
low salt. Figs. 11 and 12 show the corresponding relaxation
fields for steady-state electrophoresis at 0.03 and 0.11 M
FIGURE 13 Close-up view of the
relaxation field for electrophoresis of
20-bp DNA in 0.11 M KCl. Similar to
Fig. 12, but the relaxation field near
the tip of the polyion has been mag-
nified. The relative magnitude of the
vectors at the polyion surface are the
same as in Fig. 8; however, the abso-
lute value of the surface vectors in
this figure are 18% as large as those
in Fig. 8.
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KCl, respectively. The DNA fragment is placed in an elec-
tric field of 1 V/cm (directed in the direction of v at the
polyion surface). In the absence of relaxation, the DNA
translates along the long axis under steady-state conditions
with a velocity of 5  104 cm/s. Ion relaxation reduces
these velocities to 3.60  104 and 4.10  104 cm/s at
0.03 and 0.11 M KCl, respectively. Thus, the magnitude of
the relaxation fields at the polyion surface in Figs. 11 and 12
are 28% and 18% as large as the magnitude of the Stokes
velocity field at the polyion surface (Fig. 8). Although
similar to the previous figures for sedimentation, the corre-
sponding relaxation fields for electrophoresis fall off even
more quickly with distance. Fig. 13 is similar to Fig. 12 but
represents a blow-up of the relaxation velocity field in the
vicinity of one end of the polyion. Also note in Fig. 13 that
there is a small reversal of the relaxation field at some
distance from the polyion surface. Keep in mind, however,
that these relaxation velocities are not actual velocities but
difference velocities according to Eq. 5. Consequently, the
actual velocity field does not reverse itself. At 0.11 M, the
fall-off in the relaxation field appears sufficiently rapid that
thin double layer theories (O’Brien, 1983; Solomentsev et
al., 1993) may actually be appropriate.
Current fluxes
Finally, we would like to examine current fluxes around
20-bp DNA. Shown in Fig. 14 is the difference current, jd
j  j at 0.002 M KCl in the case of steady-state elec-
trophoresis. The frame of reference is chosen to be station-
ary relative to the polyion. In the lab frame, the DNA moves
downward in the figure and the electric field points upward.
Near the DNA, the difference current is dominated by the
flux of counterions j, and it is worth considering which
term(s) on the right side of Eq. 3 dominate the transport
process. It cannot be the convective term as in a frame of
reference stationary with respect to the polyion, nv would
vanish at the polyion surface and reach some plateau value
at some distance. This, however, is inconsistent with Fig.
14. The direct force term (third term on the right side of Eq.
3) is expected to be dominated by the  ions interacting
with the e field and be greatest near the polyion surface.
This, however, would yield a flow pattern directed upward
(along e) in Fig. 14. Close to the sides of the DNA, the flow
pattern is seen to be just the opposite of this. This leaves the
second term, which corresponds to diffusion against a con-
centration gradient. From Fig. 3, we know that there is an
excess of counterions at the top end of the fragment and a
deficiency at the other end. Also, the counterion concentra-
tion will be greatest near the polyion surface. Thus, the flow
pattern near the sides of the DNA in Fig. 14 is entirely
consistent with what one would expect if Eq. 3 were dom-
inated by the diffusion term. Shown in Fig. 15 is exactly the
same vector field but at the higher salt concentration of 0.11
M. It is worth noting that the sign of jd close to the sides of
DNA is reversed relative to Fig. 14 despite the fact the e
values are the same in the two cases and the u values are at
least in the same direction. Based on our previous discus-
sion, it is clear that the direct force term in Eq. 3 dominates
the ion flux at 0.11 M salt whereas the diffusive term
dominates at low salt. Similar studies over a range of salt
concentrations reveal that the general flow pattern seen in
Fig. 15 occurs except at very low salt (less than 0.005 M
monovalent salt).
We can offer the following simple physical interpretation
of this phenomenon. In general, a DNA fragment undergo-
ing steady-state electrophoresis and moving parallel to the
long axis of the molecule will have one end that is rich in
FIGURE 14 jd for the electrophoresis of 20-bp DNA in 0.002 M KCl.
The electric field is directed upward in a direction opposing the direction
of jd seen in the figure close to the sides of the polyion. The DNA translates
downward. The reference frame is stationary with respect to the DNA.
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counterions and one end that is poor in counterions. At low
salt, the primary source of counterions for the poor end is
diffusion, against a concentration gradient, of counterions
from the rich end (and sides) to the poor end. At high salt,
the primary source of counterions for the poor end is the
bulk solution where they are now present in abundance. As
the  ions in the bulk solution tend to move in the general
direction of e, this is reflected in the flow field for jd.
CONCLUSIONS
The primary objective of this work has been the graphic
illustration of the phenomenon of ion relaxation in the
transport of short DNA fragments. Contour plots of coun-
terion and/or charge density have been presented for both
20- and 40-bp fragments at 0.03 and 0.11 M monovalent salt
(KCl). Ion relaxation extends out distances of order 1
from the ends of the fragment for the DNA translating
parallel to its cylinder axis. The relaxation effect is similar
for sedimentation and electrophoresis, but there are differ-
ences. In addition, vector plots of the Stokes field and the
relaxation velocity field are presented for both sedimenta-
tion and electrophoresis of 20-bp DNA. The relaxation
effect falls off rapidly with distance, and this fall-off is more
rapid at higher salt. These results are qualitatively similar to
an earlier study of charged spheres (Stigter, 1980). Finally,
the charge current flux around the 20-bp fragment is exam-
ined at 0.002 and 0.11 M KCl. At the lower salt concentra-
tion, the charge flux is dominated by diffusion against a
concentration gradient, but at the higher salt concentration,
the dominant term involves the force on the counterions by
the external electric field. The charge current flux plays a
central role in the theory of conductance of polyelectrolytes
(Stigter, 1979), and the results presented here will be ex-
panded upon in future work.
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